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Abstract
Quasiclassical dynamics of trapped ions is characterized by applying the time
dependent variational principle (TDVP) on coherent state orbits, in case of
quadrupole and octupole combined (Paul and Penning) and radiofrequency (RF)
traps. A dequantization algorithm is proposed, by which the classical Hamilton
(energy) function associated to the system results as the expectation value of the
quantum Hamiltonian on squeezed coherent states. We develop such method
and particularize the quantum Hamiltonian for a combined and for a RF trap,
with axial symmetry and a RF anharmonic electric potential. We also build the
classical Hamiltonian functions for the particular traps we considered, and find
the classical equations of motion.
Keywords: Trapped ion, squeezed coherent states, anharmonic electric
potential, Time-Dependent Variational Principle, octupole combined ion trap.
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1. Introduction
Recent advances in quantum optics [1] enable trapping of single particles or
atoms [2, 3], while progress in quantum engineering techniques allows prepar-
ing these particles in well-defined quantum states [4–6]. Quantum engineering
using ion traps offers the possibility to prepare stable quantum states by pre-
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cise control of the interactions between a quantum system (trapped ions) and
the environment [7–9], while investigation of nonclassical states of spin systems
coupled to a harmonic oscillator offers the possibility to investigate fundamental
quantum phenomena, such as the mechanisms responsible for decoherence and
the quantum-classical transition [10, 11].
The quantum time-dependent harmonic oscillator has been intensively used
to describe the dynamics of many physical systems [12–15]. Quantum dynam-
ics of harmonic oscillators is obtained by the use of the so-called Peremolov’s
generalized coherent states [16, 17] of the Lie algebra associated to the SU(1,1)
group [18]. Quantum dynamics in a 3D RF ion trap characterized by a uni-
form magnetic field and a time-dependent quadrupole electric potential, can be
reduced to the solution of the time-dependent quantum oscillator equations, ob-
tained by separating the axial and radial motion from the Schro¨dinger equation
[19]. In addition, the coherent state approach leads to quantum solutions that
are explicitly constructed as functions of the classical trajectories on the phase
space [17]. The properties of a RF (Paul)-trap with a super-imposed magnetic
field (combined trap) are presented in [20], and it was shown that the regions of
stability are significantly larger than those for a Paul trap for both positive and
negative charged ions. Ion dynamics in a radiofrequency (RF) octupole trap was
described in [21, 22], demonstrating confinement of ions in a RF anharmonic
electric potential and characterizing the stability of this nonlinear parametric
oscillator. Collective dynamics for systems of ions confined in quadrupole 3D
traps with cylindrical symmetry is characterized in [23]. Ion dynamics in a lin-
ear combined trap has been investigated both theoretically and experimentally
in [24], and it was shown that the presence of a homogeneous magnetic field
superimposed over the applied DC and RF electric fields, leads to a set of cou-
pled Mathieu equations. Coherent states for a set of quadratic Hamiltonians
in the trap regime are constructed in Ref. [25], and then particularized to the
asymmetric Penning trap. A method of finding a set of generators that form a
closed Lie algebra, which creates a framework to characterize a general quan-
tum Hamiltonian is presented in [26]. Thus, the Lie algebra can be extended to
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study the Hamiltonian of a bi-dimensional charged particle in time-dependent
electromagnetic fields, by exploiting the similarities between the terms of these
two Hamiltonians.
This paper characterizes the evolution of squeezed coherent states of motion
for ions confined in quadrupole and octupole combined and RF traps, using
the coherent state formalism [16, 19, 27] developed in [18, 28], and the time
dependent variational principle (TDVP) [29]. We study the bosonic realization
of the Lie algebra for the SU(1,1) group, and (generalized) coherent states in the
Fock space for a trapped ion [30]. The paper is organized as follows: In Section
2 we propose a dequantization algorithm [31] that enables explicit calculus of
the quantum Hamilton function associated to an anharmonic oscillator (ion)
confined in a combined or RF trap, which describes an algebraic model when
the anharmonic part is a polynomial. Such model is linear for 3D quadrupole
ion traps that exhibit axial symmetry. Section 2 presents the solutions of the
Schro¨dinger equation and the quasienergy spectrum for the model we suggest.
The method suggested in [19, 32] is developed and particularized in Section 3 for
both combined (Paul and Penning) and RF traps, considering a RF anharmonic
electric potential. We build the classical Hamilton functions for such particular
traps and find the classical Hamilton equations of motion for the anharmonic
combined trap, which represents another original result. We suggest that in the
pseudopotential approximation case (ideal RF trap), the points of minimum of
the classical Hamiltonian describe equilibrium configurations for trapped ions,
of interest for implementing quantum logic. The results are discussed in Section
4, as the model is straightforward to extend for 2D ion traps.
2. Quantum dynamics of ions in axially symmetric quadrupole and
octupole ion traps
Algebraic models for axially symmetric nonlinear quadrupole and octupole traps.
The dynamical group Sp (2,R)a⊗Sp (2,R)r⊗SO (2) associated to the Hamilton
function which describes the dynamics of an ion of mass M and electric charge
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Q, confined within a 3D RF ion trap that exhibits both cylindrical and reflec-
tion symmetry, is the direct product between the axial and radial symplectic
groups, and the rotations group SO (2) generated by the axial angular moment
operator Lz [28]. The Lie algebra basis of Sp (2,R)j , j = a, r, is spanned by
the generators K0j,K1j and K2j . We introduce the infinitesimal generators of
the axial symplectic group Sp (2,R)a defined as [19, 28]
K0,1a =
Mωa
4~
[
z2 ± p
2
z
M2ω2a
]
, K2a =
i
4~
[
2z
∂
∂z
+ 1
]
, (1)
where ωa/2π is the trap axial frequency. The commuting relations are
[K0a,K1a] = iK2a , [K2a,K0a] = iK1a , [K1a,K2a] = iK0a . (2)
Using eqs. (1) we infer
(K0a +K1a) (K0a −K1a) = iK2a + 1
4~2
z2p2z . (3)
The Casimir operator that determines the Bargmann indices k is [16, 19, 28]
C2a = K
2
0a −K21a −K22a = −
3
16
I = k (k − 1) I . (4)
where I is the unit operator. The Bargmann indices that characterize axial
motion are ka+ =
1
4 , ka− =
3
4 . We use cylindrical coordinates ρ and θ, with
radial coordinates x = ρ cos θ and y = ρ sin θ. The radial symplectic group
generators for fixed angular moment l are [19, 23, 28]
K0,1r =
1
2~ωr
[
1
2M
p2ρ ±
Mω2r
2
ρ2 +
~
2
2M
(
l2 − 1
4
)
1
ρ2
]
, (5a)
K2r =
i
4
[
2ρ
∂
∂ρ
+ 1
]
, (5b)
where ωr/2π is the trap radial frequency and pρ = −i~ ∂∂ρ . Because the angu-
lar momentum operator commutes both with the generators of the symplectic
groups and the quantum Hamilton function H , we can restrict the study of
the quantum system to a subspace of the Hilbert space [33] with axial angular
momentum Lz = ~lI, where l represents the orbital quantum number [32]. The
commutation relations are
4
[K0r,K1r] = iK2r , [K0r,K2r] = −iK1r , [K1r,K2r] = iK0r (6)
Using eq. (5) we infer
K20r −K21r =
1
4
(
−ρ2 ∂
2
∂ρ2
+ l2 − 1
4
)
+ iK2r. (7)
The Casimir operator for the radial symplectic group states is [16, 19, 28, 32]
C2r = K
2
0r −K21r −K22r =
l2 − 1
4
= k (k − 1) , (8)
therefore
kr12 =
1± l
2
⇒ kr = l + 1
2
, kr > 0 and l ≥ 0 . (9)
We choose a potential with axial symmetry [28, 32]
Φ (~r, t) = A(t)g (ρ, z) , (10)
where A (t) is a time periodic function, of period T = 2π/Ω, where Ω is the
frequency of the RF trapping voltage, and g is a function of ρ2 and z2
g (ρ, z) =
∑
k≥1
ckH2k (ρ, z) . (11)
The H2k polynomials are harmonic, of degree k in ρ
2 and z2. The electric
potential described by eq. (10) is characteristic to a trap that exhibits both
axial and radial (with respect to the xOy plan) symmetry. In case of a Penning
trap A is constant in time, but for most RF (Paul) traps A (t) = U0+V0 cosΩt,
where U0 is the d.c. voltage and V0 is the RF trapping voltage. In case of
harmonic potentials ck = 0 , for k > 1
g (ρ, z) =
1
r20 + 2z
2
0
(
ρ2 − 2z2) , c2 = − 1
r20 + 2z
2
o
, (12)
where r0 and z0 represent the semiaxes of the combined quadrupole trap and
ρ2 = x2 + y2. The particular case of an ideal Paul trap is obtained for zero
magnetic field. In case of a RF ion trap with octupole anharmonicity, the
electric potential given by eq. (11) becomes
g (ρ, z) = c1H2 (ρ, z) + c2H4 (ρ, z) + . . .
H2 (ρ, z) =
1
2
(
2z2 − ρ2) , H4 (ρ, z) = 1
8
(
8z4 − 24z2ρ2 + 3ρ4) , (13)
5
where H2k represent the harmonic polynomials [28]. We denote the elastic
constants as
Kr =
Mω2c
4
− 2Qc2A(t) , Ka = 4Qc2A(t) . (14)
The quantum Hamilton function that describes an ion (particle) of electric
charge Q, mass M , and orbital angular momentum ~l, confined within an oc-
tupole ion trap characterized by a RF anharmonic electric potential, can be
expressed as [32]
Hl = − ~
2
2M
(
∂2
∂ρ2
− l
2
ρ2
+
1
ρ
∂
∂ρ
)
− ~
2
2M
∂2
∂z2
+
Kr
2
ρ2 +
Ka
2
z2−
ωc
2
~l+QA (t)P
(
ρ2, z2
)
, (15)
where ωc = QB0/M stands for the cyclotronic frequency, and B0 is the axial
magnetic field. The anharmonic part can be expressed as
P
(
ρ2, z2
)
=
∑
k≥2
ckH2k (ρ, z) , (16)
where ck are constants [32], and H2k are harmonic polynomials (spherical har-
monics functions) of k degree in ρ2 and z2, defined as
H2k (ρ, z) =
k∑
j=0
(2k)!ρ2jz2(k−j)
4j (2k − 2j)! (j!)2 . (17)
In order to characterize the quantum system, we must build the Hamilton
function. We investigate the Schro¨dinger equation
i~
∂χ
∂t
= Hlχ , (18)
where the quantum Hamilton function Hl results from eq. (15), particular-
ized for combined quadrupole or octupole traps. Thus, the quantum Hamilton
function describes an algebraic model when P
(
ρ2, z2
)
is a polynomial function.
Such model is linear for quadrupole traps (P is a linear combination of ρ2 and
z2). We choose µ = −l2 and we reintroduce the Lie algebra generators for the
radial symplectic group
K ′0,1r =
1
2~ωr
[
± ~
2
2M
(
∂2
∂ρ2
+
µ
ρ2
+
1
ρ
∂
∂ρ
)
+
Mω2r
2
ρ2
]
, (19a)
6
K ′2r =
i
2
(
ρ
∂
∂ρ
+ 1
)
, (19b)
and
[K ′0r,K
′
1r] = iK
′
2r , [K
′
2r,K
′
1r] = iK
′
0r , [K
′
2r,K
′
0r] = iK
′
1r . (20)
Using eqs. (19) we infer
ρ2 =
2~
Mωr
(K ′0r +K
′
1r) (21a)
− ~
2
2M
(
∂2
∂ρ2
+
µ
ρ2
+
1
ρ
∂
∂ρ
)
= ~ωr (K
′
0r −K ′1r) . (21b)
Using eqs. (3), the quantum Hamilton function described by eq. (15) changes
accordingly
Hl = ~ωr (K
′
0r −K ′1r) + 2~ωa (K0a −K1a) +
Kr
2
2~
Mωr
(K ′0r +K
′
1r)+
Ka
2
2~
Mωa
(K0a +K1a)− ωc
2
~l+QA (t)P
(
ρ2, z2
)
. (22)
We consider our trap to exhibit axial symmetry (in the coordinates ρ and z)
and rotation symmetry with respect to the xOy plan. From eqs. (20) and (21)
we infer
(K ′0r +K
′
1r) (K
′
0r −K ′1r) = C2 +K ′22r − iK ′2r , (23)
and the Casimir operator is
C2r = −1
4
(µ+ 1)⇒ kr = l + 1
2
, with l ≥ 0 . (24)
Hence, the study of the Hamilton function for an ion trapped within the com-
bined (or Paul) trap we have considered is reduced to the study of a linear
Hamilton system for the real symplectic group Sp (2,R). Then
P
(
ρ2, z2
)
= DH4 (ρ, z) = D
(
8z4 − 24z2ρ2 + 3ρ4) (25)
where D stands for a coefficient that depends on the trap geometry. We perform
an average on the generators of the symplectic group, and on ρ4, ρ2z2 and z4.
The anharmonic term is
Φanh = A (t)DH4 (ρ, z) , (26)
7
while in the quasipotential approximation case (ideal Paul trap), the anharmonic
term can be expressed as
Φanheff = C4H4 (ρ, z) + C6H6 (ρ, z) ,
H6 (ρ, z) =
1
16
(−5ρ6 + 90ρ4z2 − 120ρ2z4 + 16z6) (27)
where the C4 and C6 coefficients depend on the specific trap geometry. Hence,
the quantum Hamilton function can be expressed as
Hl = Hanh +


QΦanh Paul and Penning trap,
QΦanheff ideal Paul trap .

 (28)
Eq. (28) gives the quantum Hamilton function for the particular traps we have
chosen, including the pseudopotential approximation case that characterizes an
ideal Paul trap.
Schro¨dinger equation solutions and energy spectrum. The solutions of the Schro¨dinger
equation for the Hamilton function described by eq. (22) are [23, 28]
Ψkamakrmrl =
1√
ρ
exp
[
il
(
θ +
ωc
2
t
)
− iϕ
]
ψkama (za)ψkrmr (zr) , (29)
where ma,mr ∈ N are natural numbers, za, zr ∈ Z are complex coordinates
within the unit disk (|za| < 1, |zr| < 1), and ϕ ∈ R represents a real phase such
as
ϕ = (ka +ma)ϕa + (kr,mr)ϕr . (30)
The za, zr, ϕa and ϕr variables are solutions of the differential equations
i
dzj
dt
= αj +
βj
2
(
z2j + 1
)
,
dϕj
dt
= αj +
βj
2
(
zj + z
∗
j
)
, j = a, r. (31)
The functions ψkama (za) and ψkrmr (zr) represent the coherent symplectic vec-
tors, for symplectic axial and radial dynamic groups. In order to explicitly define
these vectors, we recall the orthonormal system of coherent states associated to
the group SU(1,1) [34]. We use the raising and lowering operators K±j given
by eq. (36), and the canonical base [16, 23]
φkjmj =
[
Γ (2kj)
mj !Γ (2kj +mj)
]1/2
(K+j)
mj φkj0 , (32)
8
where the normalized vector satisfies K+jφkj0 = kjφkc0 and K−jφkj0 = 0. We
introduce the unitary evolution operator defined as
U (zj) = exp (zjK+j) exp (λjK0j) exp
(−z∗jK−j) , (33)
where λj = ln(1− zjz∗j ). The coherent symplectic vectors are defined as
ψkjmj (zj) = U (zj)φkjmj . (34)
The quasienergy spectrum is thus determined by the Ψkamakrmrl wavefunctions
and the quasienergies [23]
Ekamakrmrl = 2~
[
µa (ka +ma) + µr (kr +mr)− ωcl
4
]
, (35)
where µa and µr represent the Floquet exponents for the stable solutions of the
Hill equations.
The quantum Hamilton function for a system of N ions confined within a
cylindrically symmetric RF quadrupole ion trap is found in [23]. The center of
mass (CM) Hamilton function is similar to the single particle Hamiltonian given
in [32], which means that the quasienergy and coherent states are almost the
same (the single ion mass is substituted with the product of masses in case of the
multi-ion system). When the interaction potential is invariant to translations
and homogeneous of rank −2, soluble models result (e.g., for Calogero type
potentials). Such models enable obtaining explicit bases and systems of coherent
states in order to investigate trapped ion systems [18].
3. Quasiclassical dynamics in nonlinear combined and Paul traps
Classical Hamilton function for an anharmonic octupole and quadrupole trap.
Equations of motion. We recall some definitions with respect to coherent states
built over weight states of discrete positive series of the symplectic group Sp (2,R)
[35]. The Lie algebra associated to this group is spanned by three genera-
tors, namely K0,K1, and K2, where the raising and lowering operators K± =
K1 ± iK2, obey the following commutation relations [17, 19, 28]
[K0,K±] = ±K± , [K−,K+] = 2K0 , (36)
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The eigenvalues of the Casimir operator are denoted by k (k − 1), where k stands
for the Bargmann index for unitary irreducible representations (UIR) [35]. In
such case we denote the basis vector as |m, k〉 ;m = 0, 1, . . ., where K0 is diago-
nal. The action of the operatorsK+ and K− is defined in [19, 35]. We introduce
the following squeezed coherent states for the group Sp (2,R):
|z,m, k〉 = U (z) |m, k〉 , (37)
where the unitary evolution operator for the quantum Hamiltonian (which sat-
isfies the Schro¨dinger equation) is [17]
U (z) = exp (zK+) exp (λK0) exp (−z∗K−) , (38)
are the operators corresponding to the group representation with |z| < 1 and
λ = ln (1− zz∗). For m = 0, the geometric construction of Perelomov results
[16, 19]. The matrix elements for the generatorsK+,K−, andK0 in the squeezed
coherent states |z, k,m〉 can be expressed as [19, 32]
〈z, k,m|K+ |z, k,m〉 = 2 (k +m) z∗ (1− zz∗)−1
〈z, k,m|K− |z, k,m〉 = 2 (k +m) z (1− zz∗)−1
〈z, k,m|K0 |z, k,m〉 = (k +m) (1 + zz∗) (1− zz∗)−1 .
(39)
We denote Ω = K0 +K1 = K0 +
1
2 (K+ +K−). Then
U † (z)ΩU (z) =
(1 + z) (1 + z∗)
(1− zz∗)
(
2K0 + e
−iϕK− + e
iϕK+
)
, (40)
where U † represents the Hermitian adjoint of the unitary operator U (z), and
eiϕ =
1 + z
1 + z∗
, e−iϕ =
1 + z∗
1 + z
, ϕ ∈ R . (41)
Moreover
[
U † (z)ΩU (z)
]n
= U † (z)ΩnU (z) =
(1 + z)n (1 + z∗)n
(1− zz∗)n E
n ,
E = 2K0 + e
−iϕK− + e
iϕK+ . (42)
From eqs. (39 - 42) we infer
〈z, k,m|Ωn |z, k,m〉 = (1 + z)
n
(1 + z∗)
n
(1− zz∗)n 〈k,m|E
n |k,m〉 . (43)
Eq. 43 allows the explicit calculus of the energy function for any dynamical
group. By calculus we infer
E2 = 4K20 + e
−2iϕK2− + e
2iϕK2+ +K−K+ +K+K−+
2e−iϕ (K0K+ +K−K0) + 2e
iϕ (K0K+ +K+K0) , (44)
E3 = 8K30 + e
−3iϕK3− + e
3iϕK3+ + 2e
−2iϕ
(
K2−K0 +K0K
2
− +K−K0K−
)
+2e2iϕ
(
K2+K0 +K0K
2
+ +K+K0K+
)
+4e−iϕ
(
K0K−K0 +K−K
2
0 +K
2
0K−
)
+
4eiϕ
(
K0K+K0 +K+K
2
0 +K
2
0K+
)
+ eiϕ
(
K2+K− +K−K
2
+ +K+K−K+
)
+
e−iϕ
(
K−K+K− +K+K
2
− +K
2
−K+
)
+
2 (K0K+K− +K+K0K− +K−K+K0 +K+K−K0 +K0K−K+ +K−K0K+) .
(45)
We weight on the vacuum state vector |0〉 and obtain
K− |0〉 = 0 , 〈0|0〉 = 0 ,K0 |0〉 = k |0〉 , 〈0|K+ = 0 . (46)
Eq. (36) leads to
K−K+ = K+K− + 2K0 ,K−K0 = K0K− +K− ,
K0K+ = K+K0 +K+ . (47)
Then, the Casimir operator can be expressed as
C2 = K
2
0 −
1
4
(K+ +K−)
2 − 1
4i2
(K+ −K−)2 = k (k − 1) ,
and
K+K− +K−K+ = 2K
2
0 − 2k (k − 1) . (48)
Using eqs. (46) we infer
〈
E2
〉
=
〈
0|E2|0〉 = 4k2 + 2k , (49a)
〈
E3
〉
=
〈
0|E3|0〉 = 8k3 + 12k2 + 4k . (49b)
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If instead of the vacuum state vector |0〉 we weight on a vector of an orthonormal
system of state vectors |k,m〉, namely 〈k,m|k,m′〉 = δmm′ , we obtain
〈
k,m|E2|k,m〉 = 2k (2k + 1) + 12km+ 6m2 , (50a)
〈
k,m|E3|k,m〉 = 4k (k + 1) (2k + 1) + 4mk (5 + 12k) + 4m2 (15k + 1)+ 20m3 ,
(50b)
where K0 |k,m〉 = (k +m) |k,m〉 [19] and we make use of eqs. (46) and (49).
Using eq. (47), we are able to evaluate the final term from eq. (45) as
F = 2K0 (K+K− +K−K+) + 2 (K+K− +K−K+)K0+
2K0 (K+K− +K−K+) + 2 (K+K− +K−K+) . (51)
We denote
ξ =
(1 + z) (1 + z∗)
1− zz∗ = Sn , n = 1, 2, . . . , (52)
where
S1 = 2ξ (k +m) = S1 (z, k,m) (53a)
S2 = ξ
2
[
2k (2k + 1) + 12km+ 6m2
]
(53b)
S3 = ξ
3
[
4k (k + 1) (2k + 1) + 4mk (5 + 12k) + 4m2 (15k + 1) + 20m3
]
. (53c)
By taking into account eq. (39) [19, 28] and
〈z, k,m|A|z, k,m〉 = 〈k,m|U−1 (z)AU (z) |k,m〉 , (54)
we infer
〈z, k,m|K0 −K1|z, k,m〉 = (k +m) (1− z) (1− z
∗)
1− zz∗ , (55)
where z stands for the squeezed state parametre, k and m represent pure har-
monic oscillator states, while K0−K1 is the kinetic energy. The classical energy
12
(Hamilton) function for an anharmonic octupole ion trap described by eq. (22),
can be expressed as
Hcl = ~ωr (kr +mr) (1− zr) (1− z
∗
r )
1− zrz∗r
+ 2~ωa (ka +ma)
(1− za) (1− z∗a)
1− zaz∗a
+
2~Kr
Mωr
(kr +mr)
(1− zr) (1− z∗r )
1− zrz∗r
+
2~Ka
Mωa
(ka +ma)
(1− za) (1− z∗a)
1− zaz∗a
+Hanh−ωc
2
~l ,
(56)
where
Hanh = QA (t) 〈P
(
ρ2, z2
)〉 = QA (t)∑
k≥1
ck〈H2k〉. (57)
We have denoted by 〈X〉 the expectation value of the X operator in the coherent
state Φmamr (za, zr). In particular we obtain
Hanh =


QA (t)D 〈H4〉 , combined (Paul and Penning) trap ,
QC4 〈H4〉+QC6 〈H6〉 , ideal Paul trap .
(58)
The second term in eq. (58) characterizes the pseudopotential aproximation
case (the ideal radiofrequency or Paul trap) [28]. Then
〈H4〉 = 8S2a − 24S1rS1a + 3S2r , (59)
〈H6〉 = 16S3a − 120S2aS1r + 90S1aS2r − 5S3r , (60)
H6 = 16z
6 − 120z4ρ2 + 90z2ρ4 − 5ρ6 . (61)
We denote
Sjr = Sj (zr, kr,mr) , Sja = Sj (za, ka,ma) , 1 ≤ j ≤ 3 ,
and then introduce the Husimi Q representation
Sj (z, k,m) = ξ
jQj (k,m) . (62)
Moreover
Q1 (k,m) = 2 (k +m) (63a)
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Q2 (k,m) = 2k (2k + 1) + 12km+ 6m
2 (63b)
Q3 (k,m) = 4k (k + 1) (2k + 1)+4mk (5 + 12k)+4m
2 (15k + 1)+20m3 . (63c)
The parametre values are known
ka =
1
4
,
3
4
; ma,mr = 0, 1, . . . ; kr =
l + 1
2
,
where l stands for the orbital quantum number for the trapped particle (ion),
and the orbital angular momentum is L2 = l (l + 1) I. By minimizing H af-
ter z we infer the approximations for the quantum energies. Using cylindrical
coordinates
(
z = ρeiθ , z∗ = ρe−iθ
)
, we introduce the complex variables
ξn =
(1 + z) (1 + z∗)
1− zz∗ , ηn =
(1− z) (1− z∗)
1− zz∗ , n = a, r . (64)
The classical Hamilton function for an anharmonic octupole trap can be
expressed as
Hcl = ~ωr (kr +mr) ηr + 2~ωa (ka +ma) ηa + 2~Kr
Mωr
(kr +mr) ξr+
2~Ka
Mωa
(ka +ma) ξa − ωc
2
~l
+


QA (t)D [8S2a − 24S1rS1a + 3S2r] 7−→ combined trap,
QC4 (8S2a − 24S1rS1a + 3S2r)+
QC6 (16S3a − 120S2aS1r + 90S1aS2r − 5S3r) 7−→ pseudopot. approx. ,
(65)
where the first expression refers to the case of an octupole combined Paul and
Penning trap, while the second case describes the pseudopotential approxima-
tion in case of an ideal Paul trap. The energy function associated to the quantum
Hamilton function Hl is a classical type Hamiltonian Hcl, whose values are ex-
actly the expectation values of Hl on the coherent states ψka0(za) and ψkr0(zr).
Therefore
∂
∂z
=
∂ξ
∂z
∂
∂ξ
+
∂η
∂z
∂
∂η
,
∂
∂z∗
=
∂ξ
∂z∗
∂
∂ξ
+
∂η
∂z∗
∂
∂η
. (66)
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Quantum dynamics for ions confined in quadrupole and octupole combined and
ideal Paul traps can be characterized by solutions of the Schro¨dinger equation,
where the H = Hr Hamilton function corresponds to radial motion, while H =
Ha describes the axial motion. We apply the TDVP and obtain the classical
Hamilton function for the particular traps we considered
Hcl = 〈z, k,m|Hl|z, k,m〉 ,
which determines an equation of motion in the classical Lobacevski phase space
|z| < 1 :
z˙ = {z,Hcl} , (67)
where {, } stands for the generalized Poisson bracket. We finally obtain
{z,Hcl} = (1− zz
∗)
2
2i (k +m)
∂Hcl
∂z∗
, (68)
which represents the equation of motion for an ion confined within an octupole
combined (or Paul) trap. Thus, we show that the coherent state approach leads
to quantum solutions that are explicitly constructed as functions of the classical
trajectories on the phase space.
Hamilton function for an anharmonic combined trap. Equations of motion.
According to eq. (65) the classical Hamilton function can be expressed as
Hcl anh = ~ωr (kr +mr) ηr + 2~ωa (ka +ma) ηa + 2~Kr
Mωr
(kr +mr) ξr+
2~Ka
Mωa
(ka +ma) ξa − ωc
2
~l +QA (t)D [8S2a − 24S1rS1a + 3S2r] . (69)
The expressions for S1a, S2a, S1r and S2r result from eqs. (53a). We turn to
the expression of the Hamilton function described by eq. (69). The points of
minimum of the Hamilton function are characterized by the following equations
∂Hlanh
∂ξa
= 0⇒ 2~Ka
Mωa
(ka +ma)+
QA (t)D [16ξa ·Q2 (ka,ma)− 96ξr (ka +ma) (kr +mr)] = 0 (70a)
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∂Hlanh
∂ξr
= 0⇒ 2~Kr
Mωr
(kr +mr)+
QA (t)D [−96ξa (ka +ma) (kr +mr) + 6ξrQ2 (kr,mr)] = 0 (70b)
∂Hlanh
∂ηa
= 0⇒ 2~ωa (ka +ma) = 0 (70c)
∂Hlanh
∂ηr
= 0⇒ 2~ωr (kr +mr) = 0 . (70d)
Using eq. (64), we infer
1− zz∗ = 21 + zz
∗
ξ + η
, z + z∗ =
1
2
(1− zz∗) (ξ − η) . (71)
According to eq. (66) and eqs. (64)
∂H
∂z∗
=
∂H
∂ξ
(
1 + z
1− zz∗
)2
− ∂H
∂η
(
z − 1
1− zz∗
)2
(72)
From eqs. (64) and (71), after some calculus, we obtain
ξ˙ =
(
1 + z∗
1− zz∗
)2
z˙ +
(
1 + z
1− zz∗
)2
z∗ . (73a)
η˙ = −
(
1− z∗
1− zz∗
)2
z˙ −
(
1− z
1− zz∗
)2
z∗ . (73b)
From eq. (67), we can express z∗ as:
z∗ = − (1− zz
∗)
2
2i (k +m)
∂H
∂z
, (74)
while eqs. (66) yields
∂H
∂z
=
∂H
∂ξ
(
1 + z∗
1− zz∗
)2
− ∂H
∂η
(
z∗ − 1
1− zz∗
)2
. (75)
If we replace eqs. (67) and (74) in eq. (73) and do the math, we infer
2i (k +m) ξ˙ = 4
z − z∗
1− zz∗
∂H
∂η
. (76)
If the same mathematical operations are applied to eq. (73b), the result is
2i (k +m) η˙ = −4 z − z
∗
1− zz∗
∂H
∂ξ
. (77)
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We return to eq. (64) and then write eq. (71) as
2
1− zz∗ =
ξ + η
2
+ 1 . (78)
Then
z + z∗ = 2
ξ − η
ξ + η + 2
, zz∗ =
ξ + η − 2
ξ + η + 2
. (79)
Using eqs. (79) we infer
(z − z∗)2 = 16 1− ξη
(ξ + η + 2)
2 . (80)
Hence
z − z∗
1− zz∗ = iε
√
|1− ξη| , ε = ±1 . (81)
Considering eq. (81), the equations of motion (76) and (77) can be expressed
as
2 (k +m) η˙ = −4ε
√
|1− ξη|∂H
∂ξ
(82a)
2 (k +m) ξ˙ = 4ε
√
|1− ξη|∂H
∂η
. (82b)
Further on, we denote
iσ =
z − z∗
1− zz∗ ⇒ −σ
2 = 1− ξη , (83)
while the time derivative is
2σσ˙ = ξ˙η + ξη˙ . (84)
Then eqs. (82a) and (82b) can be expressed as
(k +m) η˙ = −2σ∂H
∂ξ
, (k +m) ξ˙ = 2σ
∂H
∂η
. (85)
By comparing eqs. (85) and (84), we infer the following equations of motion
(k +m) σ˙ = η
∂H
∂η
− ξ ∂H
∂ξ
. (86)
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Quasipotential approximation case - Ideal RF (Paul) trap case. The expression
of the classical Hamilton function for an octupole trap, in case of the pseudopo-
tential approximation is (see eq. (65))
Hcl anheff = ~ωr (kr +mr) ηr + 2~ωa (ka +ma) ηa + 2~Kr
Mωr
(kr +mr) ξr+
2~Ka
Mωa
(ka +ma) ξa − ωc
2
~l +QC4 < H4 > +QC6 < H6 > (87)
where H4 and H6 are characterized by eqs. (59 - 60). Hence
S3a = 4ka (ka + 1) (2ka + 1)+4kama (5 + 12ka)+4m
2
a (15ka + 1)+20m
3
a , (88)
S3r = 4kr (kr + 1) (2kr + 1)+4krmr (5 + 12kr)+4m
2
r (15ka + 1)+20m
3
r . (89)
The points of minimum that characterize the equilibrium configurations for
trapped ions are given by the equations
2~Ka
Mωa
(ka +ma) +QC4 [16ξaQ2 (ka,ma)− 96ξr (ka +ma) (kr +mr)] +
QC6[48ξ
2
aQ3 (ka,ma)−240ξaξrQ2 (ka,ma)Q1 (kr,mr)+90ξrQ1 (ka,ma)Q2 (kr,mr)] = 0
(90)
2~Kr
Mωr
(kr +mr) +QC4 [−96ξa (ka +ma) (kr +mr) + 6ξrQ2 (kr,mr)] +
QC6[−120ξ2aQ2 (ka,ma)Q1 (kr,mr)+180 ξaξrQ1 (ka,ma)Q2 (kr,mr)−15ξ2rQ3 (kr,mr)] = 0 .
(91)
In the pseudopotential approximation case, the points of minimum of the de-
quantified Hamilton function define the equilibrium configurations for trapped
ions (Coulomb crystals), of interest for implementing and scaling quantum logic
(see [36]). The equilibrium configurations are found by performing numerical
simulations, which is verified for example in case of a 2D octupole Paul trap,
where axially symmetric structures of Coulomb crystals and phase transitions
have been reported [37, 38]. The advantage of a linear RF octupole trap lies in
a large region within the trap centre where the electric potential is flat, which
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makes it very suited for cold molecule spectroscopy or frequency metrology [39].
Moreover, experiments performed with higher order multipole 2D RF ion traps
show the occurrence of multiple regions of dynamical stability, some of them lo-
cated near the trap electrodes where the electrical potential is steep. Numerical
simulations performed validate experimental data and observations [40]. Recent
investigations are focused on producing planar Coulomb crystals using specially
designed linear multipole traps [37, 41, 42]. Calculations performed for time-
dependent dynamics in RF ion traps were also generalized to multispecies ion
crystals in multipole traps [43].
The possibility to perform precision numerical simulations of the associated
(semi)classical or quantum dynamics for any kind of engineered quantum system
is an issue of large importance, and the methods presented in [44] can be directly
adapted to any given Hamiltonian, including the model we propose. Numerical
simulations can be used to validate the method suggested in the paper and find
the equilibrium configurations for trapped ions or the eigenvalues of the normal
modes of oscillation [39]. The results in the paper are also valid for different
quantum simulator architectures [45].
4. Conclusions
The paper characterizes the evolution of squeezed coherent states for quadrupole
and octupole RF and combined traps, an issue not studied in the literature. We
propose a dequantization algorithm by which the energy function associated to
the trapped ion system is a classical Hamilton function, whose values repre-
sent the expectation values of the quantum Hamiltonian on squeezed coherent
states. Such formalism can be applied to Hamiltonians that are nonlinear in
the infinitesimal generators of a dynamical symmetry group, such as the case
of quadrupole and octupole ion traps with a RF anharmonic electric potential,
which we demonstrate in the paper. An algorithm is proposed, that extends the
results to any electrical multipole. We build the quantum Hamilton function
associated to an ion confined within a nonlinear combined (or RF) ion trap.
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Moreover, we also build the classical Hamilton functions particularized for such
traps. The classical (Hamilton) equations of motion in complex coordinates are
obtained for an ion confined in an octupole combined trap. The results obtained
are also valid in case of the center of mass (CM) motion, for a system made of
identical ions.
To summarize, the coherent state formalism has been developed, particular-
ized and applied in case of quadrupole and octupole RF and combined traps.
We show that the dynamic group associated to an ion confined within such par-
ticular traps is the product of the symplectic axial group, a symplectic radial
group and the group of rotations around the symmetry axis. The study of the
Hamilton function for an ion trapped in an anharmonic combined (or RF) trap
we have considered is reduced to the study of the linear Hamilton system for
the real symplectic group Sp (2,R). In agreement with the TDVP applied on
coherent states, if a harmonic analytical electric potential is added, the classical
equations of motion turn into coupled nonlinear Hill equations. We also show
that the coherent state approach leads to quantum solutions that are explicitly
constructed as functions of the classical trajectories on the Lobacevski phase
space.
Dequantization by means of coherent states enables achieving exact connec-
tions between quantum and classical dynamical systems, that exhibit (axial)
symmetry. For an ion confined within a quadrupole ion trap (QIT), the requan-
tization operation corresponds to a geometrical quanzation. The method(s) and
formalism suggested are developed and implemented for the particular traps
we considered. The points of minimum of the dequantified Hamilton function
can be identified through standard numerical programming. The algorithm we
suggest, combined with the latest experimental techniques, can be applied to
investigate entanglement, quantum logic, and quantum simulations in a wide
range of physical systems.
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